REMARK ON WELL-POSEDNESS OF QUADRATIC SCHRODINGER 
EQUATION WITH NONLINEARITY uu IN fZ" -1 / 4 (R) 
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Abstract. In this note, we give another approach to the local well-posedness of quadratic 
Schrodinger equation with nonlinearity uu in H~ l / A , which was already proved by Kishimoto 
[3]. Our resolution space is ^-analogue of X s ' b space with low frequency part in a weaker space 
L^°L^.. Such type spaces were developed by Guo. [2] to deal the KdV endpoint ff~ 3 / 4 regularity. 



1. Introduction 
This paper is mainly concerned with the following equation 

iu t + u xx = \u\ 2 , !i(i,i):Ixl->C, , . 

u(x,0) = cf>(x) £ H S {R). 1 > 

The low regularity for this equation was first studied by Kenig, Ponce, Vega in 0], they proved 
the local well-posedness in H s , for s > —1/4, by using X s ' h spaces. The local well-posedness in 
H^ 1 / 4 was already proved by Kishimoto [3], where Kishimoto solved (jl.ll) in the spaces 

z = x -l/4,l/2+^ +r 

and 

Y = {fe 5'(M 2 ); ||/|| y = ||(0- 1/4 (t - a^/II^L? + \\(0 1/4 - 2P (r ~ e^fh^}, 

with < (3 < 1/24, 2(3 < l/p' < 3/3 and 1/p+l/p' = 1. 

We give another approach based on the argument developed by Guo. [2], which solved the global 
well-posedness for KdV equation in if ~ 3 / 4 . Our resolution space is ^-analogue of X s ' b space with 
low frequency part in a weaker space LfL\, so as a resolution space, it has simple form. 

It is well known that X s ' b failed for (jl.ip in H^ 1 / 4 because of the logarithmic divergences from 
high x high — > low interactions, it is natural to use the weaker structure in low frequency. We 
use LfL? x to measure the low frequency part, however in [5] Guo used L^Lf 3 . The reason for this 
is that in the KdV case, the high x low interactions has one derivative, and the smoothing effect 
norm L^L 2 was needed to absorb it. This method can also be adapted to other similar problems 
where some logarithmic divergences appear in the high-high interactions. 

Theorem 1.1. The initial value problem (|1.1[) is local well-posedness in H^ 1 ! 4 . 

For / £ S' we denote by / or F(f) the Fourier transform of /. We denote by T x the Fourier 
transform on spatial variable. Let Z and N be the sets of integers and natural numbers respectively, 
Z + = N U {0}. For k £ Z+ let I k = {£ : |f | £ [2 k ~ x , 2 fc+1 ]}, k > 1; I = {£ : |£| < 2}. Let ry : K -> 
[0, 1] denote an even smooth function supported in [—8/5,8/5] and equal to 1 in [—5/4,5/4]. We 
define ip(t) = r/ a (t). For k £ Z let r? fe (£) = r; (^/2 fc ) - r/ {£/2 k - 1 ) if k > 1 and %(£) = if k < -1. 
For k £ Z+, define P k by P k u(£) = r, k (£)u{0- For I £ Z let P< ( = £ fe<; P k , P> t = J2 k >i p k- 
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For M G S'(R), we denote W(t)u = e lW *u defined by F X {W (t)4>)(£) = exp[-if 2 t]£(f)- 
For k £ Z + we define the dyadic X s ' -type normed spaces X k — X k (M. 2 ), 

_J 2 2 /(£,r) is supported in I k X R and \ 

jf *-|/ eL ( R )- ii/ii^=Er=o2 i/2 ii%(r+a-/ii^, / (L2) 

thus we have ||/||j,i/,2 < F° r —3/4 < s < 0, we define our resolution spaces 

F s — {u £ S'(R 2 ) : \\u\\% = £ 2 2sk \\Vk(Z)Hu)\\ 2 x k + H^oMII*-*, < oo}. (1.3) 

k>l * 

It is easy to see that for fceZ + 

II^HIlL~L2<|im-H]l|x fc , (1-4) 

as a consequence, we have ||w||L~irs<||u||^». 

Let ai, a-i-, a-i £ M, define a maa; = max {ai, a2, 02}, same as a m i n , a me d- Usually we use k\, k2, k% 
and ji, J2, J3 to denote integers, = 2 fc ' and = 2 Ji for i = 1, 2, 3 to denote dyadic numbers. 

2. Dyadic Bilinear Estimates 
In this section we will give some dyadic bilinear estimates for next section. We define 

Dk,j = {(£,r) : £ e p*- 1 ^^ 1 ] and r + C 2 £ Ij}, k G Z,j e Z + . 

Following the [fc; Z] methods [5] the bilinear estimates in X s,b space reduce to some dyadic sum- 
mations: for any k\,k2,ks £ Z and Ji,j2 5 j3 G Z + 

SU P ||ln fcliJl (^T) -Ufc^jj *«fc 3 ,j3(C,T)lli? (2- 1 ) 

where E = : ||u||2, 1Mb < 1 and supp(u) C D k2 , j2 , supp(v) C D k3tj3 } and D k3 j 3 = 

{(?i T ); ( — — r ) G Dfegj-g}. By checking the support properties, we get that in order for (12. ip to 
be nonzero one must have 

\kmax kmed\ ^ 3, and jmax ^ ^max H - ^min 10 (2-2) 

The following sharp estimates on (|2.1[) were obtained in [5]. 

Lemma 2.1 (Proposition 11.1, [5] ( — h+) case). Letki,k2,k^ £ Z and 31,32,33 £ Z+. Let Ni — 2 ki 

and Li = 2 Ji for i = 1, 2, 3. TTien 

(V If N max ~ X m i n and L max ~ A^ maa ,iV m 2 rl? then we have 

m^ll^L- (2.3) 

fii) J/iVi - iV 3 > 7V 2 and N max N min ~ i 2 = £ ro ai, and TVi ~ 7V 2 > ^3 and N max N min ~ 
£3 = L ma3;; i/ien 

(TO^^i^^ 2 . (2.4) 

(mj in aH other cases, we have 

m^lNmli 2 mm(N max N mm ,L med )^ 2 . (2.5) 
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3. Proof of Theorem 11.11 
For u,v £ F s we define the bilinear operator 

B{ U ,v)=i>(-) / W(t-T)d x {^ 2 (T)u( T )-v{T))dT. 
4 In 



(3.1) 



As in [2] . the proof for Theorcm fOl reduce to showing the boundness of B : F 1 / 4 xF x / 4 — > F x / 4 . 
Lemma 3.1 (Linear estimates), (a) Assume s S K, cf> £ _ff s . TTien i/iere exists C > suc/i i/iaf 

<CW fl .. (3.2) 
(7>_J Assume s £ M, fc G and (i + r — ^ 3 ) _1 J r (u) G ATfc. T/ien i/iere exists C > smc/i i/iai 



J" 



V'(t) / M^(t-s)(u(s))ds 



< Cll^ + r-^)" 1 ^ 



(3.3) 



Proof. Such linear estimates have appeared in many literatures, see for example pQ. □ 
Lemma 3.2 (Bilinear estimates). Assume —1/4 < s < 0. TTien there exists C > suc/i i/iai 

||-B(«,i;)||^ < C(||u|[p.||i;||p-i/4 + || U ||p-x/4^||^) (3.4) 
/io/d /or an?/ u,v £ F s . 
Proof. It is easy to see 

l|£(w,u)||ira<||P>iB(P>iu,P>it;)||^ + WP^BiP^P^Wps 

+ ||P>iS(Pou,P>ii;)||^ + ||P>iP(Pou,Pou)||^ + \\P B(u,v)\\p. 
=A+B+C+D+E 

We notice that there is no low frequency in part A, so the proof for part A do not involve the 
special structure in low frequency, and standard X s b argument will suffice, we omit the proof. 

The proof for part B, C and D are similar, we just consider part B for example. By definition 
and Lemma |3~T1 (b). let Sb — {(ki,k 3 ); k%, k 3 > 1, \ki — k 3 \ < 5}, then 

B 2 < Yl ^ ( E 2-^ /2 ||1d, 3 ,^«pT iW * Pov\\l 1t ) 2 
(fei,fe 3 )eSs j 3 >o 

< Yl ^wmPkMhWPovwu^ E ^\\p kl u\\i^ L2 jp v\\i^ (3.5) 

(fci,ts)£S B (ki,k 3 )eS B 



which is sufficient by Bernstein inequality and (j 1 -4[) . 

Now we turn to part D. Denote Q{u, v) — P<oP(Pfc 1 w, Pk 2 v)- By straightforward computations, 



F[Q(u,v)] (£,r)=c 



- t') - V»(t + e) 



where Z = {£ = £j + £ 2 , t' = t\ + t 2 }. Fixing ^ 6 1, we decomposing the hyperplane as following 
Ai = {£ = £i+6,t' = t 1+ t 2 : |£|<2^}; 

^2 = {e = ei + e 2 ,r' = r 1 + r 2 : iei »2- fei , 

|n + ^|«2 fel |CI,|r 2 -el|«2 fel |C|}; 

^3 = {e = 6+6,T' = r 1+ r 2 : |£| »2- fc Mr 1 +e i 2 |>2 fel |^|}; 
^4 = {e = 6+e 2 ,T' = T 1+ r 2 : |^| »2- fc MT 2 -e 2 2 |>2 fcl |^|}- 
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Then we get 
where 



F[Q(u,v)] {£,t) =1 + 11 + 111, 



I=C 
II =C 
III =C 



i/j(t — t') 


-kr+e) 


t' 


+e 


%P(t — t') 


-kr+e) 


t' 


+e 


%P(t — T 1 ) 


-kr+e) 


t' 





VoiO / Pk 1 u(€l,Tl)Pk 2 v(£,2,T 2 )dT', 

J A t 

Pki u (£1 i r i ) p k 2 v (6 , t 2 ) dr' . 



Vo(0 



A 3 UA 4 



X 



We consider first the the term I. By (1 1 .4|) and Proposition 13.11 (b) , 

ll-^WIUr^PIUo^ (i + r' + er'voiO ! Pk~^(^,n)P^(^,r 2 ) 

J A! 

since in the set A\ we have |£|<2~ fel , thus we continue with 

fe 3 <-fei+10 j 3 >0 3i>0,J 2 >0 

where 

Uk u h = VkAOVh(T + £ 2 )u, v kj2 = Vk{0Vj 2 ( T ~ 
Using Proposition 12.11 (iii) , then we get 

H^WIUfiS ^ E E 2^ /2 2^"/ 2 2 fc 3/2|| Ufciji || i2 || Ufc2j2 || L2 

fc 3 <-fci + 10 ji>0 

< 2-^/ 2 ||^|| Xfci ||^|| Xfe2 , 

which suffices to give the bound for the term I since \ki — k 2 \ < 5. 

Next we consider the contribution of the term III. As term /, by (jl.4j) and Proposition 13. II (b). 



(3.6) 



\\T-\lII)\\ LrLi < 



(i + r' + O %(0 / P kl u(^n)P k2 v^2,T 2 ) 



A 3 UAi 



A'n 



-fci<fe 3 <0 j 3 >0 Ji>0,j 2 >0 

Without loss of generality we assume \t\ + £i |<^|££i|, a Pply m g Proposition 12. II fiii). then we get 
\\F- l {III)\\ L?Ll < E E 2^/22-^/211^^11^1,^^11^ 

-fcl<fc 3 <0 Ji>/c 3 +fci-10j2>0 

< 2- k -l 2 \\P^u\\ Xki \\P^u\\ Xk ^ 

which suffices to give the bound for the term 777 since \k\ — k 2 \ < 5. 

Now we consider the main contribution term: term II. By direct computation, we get 

T t -\ll) = m f e- lit - s ^ 2 Vo(m [ e ls ^ +T ^ f u fcl (£i>nK(6,T 2 ) dnd^ds 

Jo Jr 2 Js=ti+Zi 



where 



Mfei(6,n) = %i(6)i{|T 1 +?fi«2 fc i|ci}w(Ci,n), v k2 (£ 2l T 2 ) = ?7fc 2 (6)l{|T 2 -e!i<2fei|£|}'K&,T2). 
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By a change of variable r{ = n + ^1 , t' 2 = r 2 — we S e t 



JO JR 2 



x / e- is ttu kl (£ 1 ,T 1 -g)e is £v k2 {£ 2 ,T 2 + g) dr^ds 



Jr 2 ^€=£i 





x u fel (£i,Ti -4i)ufc 2 (6,T2 + £2) dridr 2 . 



Then by Plancherel Theorem and Holder inequality, we can bound \\T t by 




<2- k ^ 2 \\u kl \\ L i L , \\v k2 \\ Ll L 2 <2-^/ 2 ||P felU || Xfcl ||P fe2U ||x fc2 . 

x 2 €2 T 3 £3 



where we use |ti + r 2 — ^1 + £2 + £ 2 | which completes the proof of the lemma. 



□ 
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